The theory of electromagnetic induction by motional sources in the ocean is examined from a first principles point of view. The electromagnetic field is expanded mathematically in poloidal and toroidal magnetic modes based on the Helmholtz decomposition. After deriving a set of Green functions for the modes in an unbounded ocean of constant depth and conductivity underlain by an arbitrary one-dimensional conducting earth, a set of exact integral equations are obtained which describe the induction process in an ocean of vertically varying conductivity. Approximate solutions are constructed for the low-frequency (subinertial) limit where the horizontal length scale of the flow is large compared to the water depth, the effect of self induction is weak, and the vertical velocity is negligible, explicitly yielding complex relationships between the vertically-integrated, conductivityweighted horizontal water velocity and the horizontal electric and three component magnetic fields and accounting for interactions with the conductive earth. After introducing geophysically reasonable models for the conductivity structures of the ocean and earth, these reduce to a spatially smoothed proportionality between the electromagnetic field components and the vertically-integrated, conductivity-weighted horizontal water velocity. An upper bound of a few times the water depth for the lateral averaging scale of the horizontal electric field is derived, and its constant of proportionality is shown to be nearly 1 for most of the deep ocean based on geophysical arguments. The magnetic field is shown to have a similar form but is a relatively weak, larger-scale average of the velocity field. Because vertical variations in the conductivity of seawater largely reflect its thermal structure and are weak beneath the thermocline, the horizontal electric field is a spatially filtered version of the true water velocity which strongly attenuates the influence of baroclinicity and accentuates the barotropic component. This is quantified using conductivity profiles and velocity information from a variety of locations.
tivity and depth, an exact set of integral equations are derived for the primary and secondary electromagnetic fields in an ocean of vertically varying conductivity. Approximate solutions for the integral equations can be constructed that explicitly yield the expected relationship with the verticallyintegrated, conductivity-weighted horizontal water velocity in the low-frequency limit. The effect of the earth's electrical structure on the electromagnetic fields is then examined in detail. While a complex relationship between the frequencywave number dependence of the water velocity field and the earth's electrical structure is formally required, it is shown that a geophysically reasonable model for the structure under the deep ocean floor leads only to weak coupling, and a simple proportionality between the horizontal electric field and the vertically-integrated, conductivity-weighted horizontal water velocity smoothed over a horizontal scale of no more than a few times the water depth obtains. The constant of proportionality is approximately 1, reflecting the minimal extent of current leakage into the geophysical deep seafloor. For the magnetic field, the conclusions are similar, although the horizontal averaging distance is larger and the fields are very weak. Because the depth dependence of seawater conductivity largely reflects its thermal structure and is nearly constant beneath the main thermocline, the vertical integration property of the electromagnetic field dramatically reduces the influence of the baroclinic (depth-dependent) field, yielding a filtered version of the velocity that is usually dominated by the barotropic (depth-averaged) component.
The next four sections of the paper and the four appendices contain the complete mathematical development of the theory of low-frequency motional induction. Readers interested in the key results and oceanographic applications may wish to skim these sections and concentrate on the last four parts of the paper. As an aid to the reader, the symbols are summarized in the notation section at the end of the paper together with the number of the equation where each quantity is defined. Vector quantities are always indicated by boldface type.
In a separate paper (D.S. Luther et al., Low-frequency, motionally-induced electromagnetic fields in the ocean, 2, electric field and Eulerian current comparison from BEMPEX, submitted to Journal of Geophysical Research, 1990; hereinafter designated Luther et al., 1990 ) the theory is verified observationally by comparing the water velocity as measured directly by a mechanical current meter mooring with contemporaneous records of the seafloor electric and magnetic fields.
GOVERNING EQUATIONS
For the length and time scales of interest in motional induction in the subinertial range, the quasi-static or pre-Maxwell approximation to the full Maxwell equations is sufficient. This limit involves neglect of displacement current, polarization current, and advected charge in comparison to the conduction current. For a moving medium and with the magnetic permeability la that of free space everywhere, the resulting equations are V.B=0
(1)
VxB-laJ =0
where the electric current density is given by J=o(E+vxB)
Since the induced magnetic induction is very weak compared to the earth's main field, the Lorentz force on water particles is many orders of magnitude smaller than hydrodynamic ones. As a result, the total magnetic induction B in (4) may be approximated by that of the earth F that is assumed to be both sourceless and static. The electric current (4) is then the sum of an induced part I = (sE and a source term (5(v x F). Note that the electric field in (2)-(4) is the value for an observer fixed to the earth; for a reference frame moving at a relative velocity v,. and neglecting relativistic effects, the electric field is E'=E + v,. x F, while the magnetic induction B is unchanged.
It is essential to understand the role which electric charge plays under the quasi-static approximation. Neglect of the displacement current in (3) requires that the electric current density J be divergence-free, and the time rate of change of the charge density is zero to the same level of approximation. In fact, the electric currents which distribute electric charges occur on a time scale of O(v/(5) (where v is the electrical permittivity) that is instantaneous compared to the time scale of interest, so that they do not produce any significant timevarying magnetic fields. However, the electric fields produced by charges which move into place with seemingly infinite speed are quite important and are not removed by the approximation. The quasi-static scaling is a singular perturbation problem with some interesting consequences at breakdown; see Backus [1982] for a discussion.
The pre-Maxwell equations will be solved in terms of poloidal and toroidal magnetic (PM and TM) modes based on the Helmholtz representation of a vector field. The modal form is useful because it reduces the physics into two relatively simple and independent parts. The PM mode is marked by electric currents flowing in horizontal planes that couple by induction, and has no vertical electric field component. The TM mode is associated with electric currents flowing in planes containing the vertical, and has no vertical magnetic field component. The TM mode magnetic field vanishes at the Earth's surface, and is not observable outside of it. Electric charges associated with conductivity gradients affect only the TM mode. This physical approach should be contrasted with one based either on the magnetic vector potential or directly on the fields in which interactions with conducting material are difficult to handle, necessitating simplifications that are often geophysically untenable. Solutions of (13) and (14) are sought for an ocean with vertically varying conductivity o(z) and an arbitrary onedimensional electrical structure beneath the seafloor. Closed fo• solution is not tractable, and the approach used in this paper is approximate. Green function solutions to (13) and (14) are constructed for an unbounded ocean of depth H and fixed conductivity equal to that at the seafloor with an arbitrary one-dimensional conducting medium beneath the seafloor, as detailed in Appendix B. The Green functions contain information on the structure of the earth through complex reflection coefficients whose computation for a layered earth model is outlined in Appendix C. These will be useful later in assessing the importance of electromagnetic interactions with the earth. The Green functions may then be used to convert the differential expressions (13) and (14) including vertically varying ocean conductivity into integral equations which completely describe the motional induction problem.
Using the Helmholtz representation theorem defined in
To illustrate, rea•ange the terms in (13) to give where A,(z)=o(z)-,(-H) and
The PM mode Green function satisfies the left-hand side of (15) with delta function forcing and the relevant boundary conditions, so that ( 
The PM mode magnetic field may be regarded as a quantity derived from the electric field, and the interpretation of the right-hand sides of (18) and (19) in terms of primary and secondary components is similar to that for (17). Proceeding as for the PM mode, the TM mode counterparts of (17)-(19) are a pair of integral equations for the magnetic field and induced electric current density and (21) are the secondary field terms due to scattering by the depth-varying seawater conductivity. Finally, using Faraday's law, an expression for the vertical electric field is
The set of equations (17)- (22) are exact. The form of the integral equations suggests that the motional electromagnetic field is a weighted spatial average of the velocity field with the weighting depending on the Green functions, and hence the conductivity structure below the seafloor, and the vertical distribution of seawater conductivity. In principle, they can be solved for an arbitrary velocity field and conductivity structure by numerical methods using the complete Green function expressions of Appendix B, although such an approach is unlikely to be enlightening in terms of the relevant physics.
THE LOW FREQUENCY, LARGE SCALE APPROXIMATION
The interaction of the electromagnetic and hydrodynamic fields is complex, as evidenced by the form of (17)- (22) and previous treatments such as that of Sanford [1971] . However, some properties of the real ocean at subinertial frequencies may be used to simplify the mathematical expressions and delve into the underlying physics, including (1) the horizontal length scale of motion is typically larger than the vertical one by a factor of 10 or more, and (2) the vertical velocity is generally small compared to the horizontal components. In the spatial Fourier domain, the first of these is the condition 
The induction number is the ratio of the squares of the hydrodynamic and electromagnetic length scales; when it is small, the latter is large compared to the former and induction is not important, so the system displays only simple electric dissipation without large phase shifts. 
The first of these is depth-independent, while the second ß undergoes a unit step change at z =z. (17)- (22) are actually more complicated than this due to the secondary field terms and depthzva_rying conductivity.
The source terms Y, T, and E in (13)- (14) and (17)- (22) 
(-H) + h •H(<o> -o(-H))
is a dimensionless function. The electric field is depthindependent and consists of two parts. The first term is due to direct forcing by the velocity field, while the second one is related to large-scale horizontal velocity divergence and will be discussed later. The electric field is proportional to a factor (53) which is dependent on wave number, frequency, and the electrical structures of the ocean and earth, and contains all of the essential information on the leakage of electric current into the conducting earth that determines the size of (52). This term is nearly real and has a magnitude which lies between 0 and 1 as the earth ranges from a good conductor to a perfect insulator. Note that (53) is a generalization of simpler calculations given by Sanford [ 1971 ] and Cox [ 1981 ] . The horizontal magnetic field is given by the sum of (43) and (49). Unlike the horizontal electric field, the motional magnetic field is markedly depth-dependent. Because vector magnetic field sensors are extremely sensitive to motion in the geomagnetic field, it is not feasible to measure magnetic components except at the seafloor, and only that location will be considered further. The result can be simplified using the iden- 
INTERACTIONS OF MOTIONAL FIELDS WITH THE EARTH
Interactions of motional electromagnetic fields with the conducting ocean and earth are described by the term (53) which appears in both (52) and (54) and by (30). Understanding the influence of these regions requires a geophysically reasonable model for the electrical conductivity structures of both the oceans and earth.
Precise empirical relationships between seawater conductivity and its temperature, salinity, and pressure exist [e.g., Fofonoff and Millard, 1983] and may be used to compute seawater conductivity using temperature and salinity profile data. The dominant effect is due to temperature, although rising pressure typically results in a small increase in conductivity near the seafloor. especially at small values of the inverse wavelength, but it remains nearly frequency-independent and real. These observations are not changed, except at the largest spatial scales, if the conductivity of the resistive mantle region is raised by a decade (Figure 6 ). The behavior of (53) is controlled mostly by the presence of a relatively conductive sediment and crustal zone and a nearly insulating cap beneath it, and is quite insensitive to the conductivity of the deeper mantle. In the absence of a crustal zone, the response is almost that of an insulating half-space with a magnitude of 1 at all frequencies and wavelengths. If the insulating region is not present, the electric field is effectively shorted out beginning with the longest wavelength components, and (48) 
THE ELECTROMAGNETIC FIELDS IN THE SPATIAL DOMAIN
Space domain expressions for the horizontal electric and magnetic fields formally follow by applying the inverse Fourier transform (10) with integration limits k,. to (52) and (54). These require a spatial convolution relationship between averaging kernels obtained from the inverse transform of linear operations on (53) and the vertically-integrated, conductivityweighted horizontal water velocity. The spatial behavior of the averaging kernels will be examined as a guide to interpretation of motional electromagnetic fields. Since the cutoff wave number k,. is not precisely defined and (53) is only approximate, precise details of the averaging kernel behavior are not important. In particular, the physical width of the main lobe and extent of leakage from sidelobes should not be emphasized; rather, it is the general shape and spatial averaging properties that are of direct interest. Based on the properties of solutions to the complete integral equations (17) spatial averaging properties of the electric field are made more explicit. However, Sanford has treated the noise terms more completely and included the effects of small topography by perturbation analysis. Because large-scale topography in the real ocean is not small compared to the average water depth, such an approach has not been applied in this paper. The interpretation of C in (62) as a constant of proportionality reaffirms previous results and is consistent with standard practice. While C is a function principally of the local conductivity structure, some insight into subseafloor geology is useful for assessing the effect of lateral variability of the seafloor conductivity structure on it. In the deep ocean away from major The seawater conductivity weighting property in (41) that appears throughout the expressions for subinertial motional electromagnetic fields serves as a filter applied to the vertical mode structure of the water velocity field. It is instructive to examine the behavior of the weighting using realistic conductivity profiles. This is accomplished by reconstructing conductivity information from zonally averaged temperature and salinity data archived by Levitus [1982] at a variety of latitudes and expanding the conductivity in horizontal velocity structure functions computed numerically from zonally averaged Brunt-V/iis//1//frequency data also taken from Levitus. From (41), it is clear that the terms in this expansion act as weights on the horizontal velocity modes. Figure 10 shows typical conductivity structures at 12.5øN and 42.5øN in the Pacific and 32.5øN and 57.5øS in the Atlantic. Table 1 the effect of baroclinicity on the electric field is about 2%. These examples strongly suggest that a horizontal electrometer serves as an efficient barotropic current meter even in flows that are partially baroclinic; in the worst case examples at low latitudes, the electric field does at least as well at measuring the barotropic current as a modal separation or other depthaveraging scheme with multiple-element mooring can achieve.
However, it should not be assumed that an electric field measurement is useless in the presence of strong baroclinicity where the filtering effect from conductivity weighting is less efficient at removing higher-order modes. The motion of sea level, for instance, is imperfectly dominated by the lowest vertical modes, yet this has not prohibited sea level observations from being used to study both external and internal mode phenomena. As long as the conductivity structure is known, the electric field constitutes a direct integral measurement of the ocean's velocity field with specified weighting which can serve as a strong constraint on ocean models. For a further discussion of these points and some consideration of the influence of time dependence in the conductivity structure, see Luther et al. (1990) This paper has primarily treated the interpretation of an electric field measured by a fixed sensor, a Eulerian situation analogous to a conventional mooring. In a moving reference frame where an instrument is dropped or towed, the electric field is a measure of the difference between the sensor velocity (vector sum of the water and platform velocities) and C<Vh>*. This situation has been thoroughly treated by Sanford [1971] and constitutes the basis for a free-fall profiler For the frequency range of interest in the real ocean the vertical velocity is small compared to the horizontal one, and the terms in the vertical velocity in (D7) and (D8) may be neglected. The terms in the field gradients are neglected in the treatment in the text, although it is relatively simple to incorporate them. Their effect can be included by replacing the magnetic field terms in the text with (D2). However, it should be remembered that the approximations used in this appendix are formally valid only for horizontal length scales small compared to the radius of the earth, and that a more complete analysis on a sphere is needed at larger scales. 
